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Abstract 

Let G = (V, E) be a graph and p a positive integer. The p-domination number 
7 P (G) is the minimum cardinality of a set D C V with \Ng(x) n D\ > p for all 
x € V \D. The p-reinforcement number r p (G) is the smallest number of edges 
whose addition to G results in a graph G' with r y p {G') < J P (G). Recently, it was 
proved by Lu et al. that r p (T) < p + 1 for a tree T and p > 2. In this paper, we 
characterize all trees attaining this upper bound for p > 3. 
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1 Induction 



For notation and graph-theoretical terminology not defined here we follow [3 [19] . Let 
G = (V, E) be a finite, undirected and simple graph with vertex-set V = V(G) and 
edge-set E = E(G). For a vertex x G V, its open neighborhood, closed neighborhood 
and degree are respectively Ng(x) = {y E V : xy G E}, Ng[x] = Ng(x) U {x} and 
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degc{x) = \Ng(x)\. A vertex of degree one is called an endvertex or a leaf and its 
neighbor is called a stem. We denote the set of leaves of G by L{G). 

For S C V(G), the subgraph induced by 5 (resp. V(G) \ S 1 ) is denoted by G[S] 
(resp. G — S). The complement G c of G is the simple graph whose vertex-set is V(G) 
and whose edges are the pairs of nonadjacent vertices of G. For B C E(G C ), we use 
G + £> to denote the subgraph with vertex-set V(G) and edge-set E(G) U 5. For 
convenience, for vertex v G V(G), edge G E(G C ) and subgraph H C G, we write 
G — {f }, G + {xy} and G — V(i7) for G — v , G + xy and G — H, respectively 

Let T be a tree and xy G E(T). Use the notation T y to denote the component of 
T — x containing y. To simplify notation, we still use T y to denote V(T y ). If T is a 
rooted tree, then, for every x G V(T), we let G(x) and D(x) denote the sets of children 
and descendants, respectively, of x, and define D[x] = D(x) U {x}. 

Let p be a positive integer. A subset D C V(G) is a p- dominating set of G if every 
vertex not in Z) has at least p neighbors in D. The p- domination number 7 P (G) is the 
minimum cardinality of a p-dominating set of G. A p-dominating set with cardinality 
7 P (G) is called a 7 p (G)-set. The p-reinforcement number r p (G) is the smallest number 
of edges of G c that have to be added to G in order to reduce 7 P (G), that is 

r p (G) = mm{\B\ : B C E(G C ) with 7p (G + 5) < 7 P (G)}. 

By convention r p {G) = if 7 P (G) < p. Clearly, the 1-domination and 1-reinforcement 
numbers are the well-known domination and reinforcement numbers, respectively. 

The p-domination was introduced by Fink and Jacobson [11] and has been well 
studied in graph theory (see, for example, [TJ [2J El El El Ell [12] )• Very recently, Chel- 
lali et al. [1] gave an excellent survey on this topics. The p-reinforcement number 
introduced by Lu et al. [17J is a parameter for measuring the vulnerability of the p- 
domination, is also a natural extension of the classical reinforcement number which was 
introduced by Kok and Mynhardt [16J and has been studied by a number of authors 
including [3 [HI [131 (HI 120] • Motivated by the works of these authors, Lu et al. [17] give 
an original study on the p-reinforcement for any p > 1. For a graph G and p > 1, they 
found a method to determine r p (G) in terms of 7 P (G), show that the decision problem 
on r p (G) is NP-hard and established some upper bounds. 

To be surprising, for a tree T, the upper bounds of r p (T) have distinct difference 
between p = 1 and p > 2. For p = 1, Blair et al. [5] proved that T\(T) < ||V(T)| and 
this bound is sharp. However, the following theorem implies that no result in terms of 
\V(T)\ exists for p > 2. 

Theorem 1.1 (|17j) t p (T) < p + 1 for a tree T and p > 2. 

In this paper, we continue to consider the p-reinforcement number of trees. We will 
focus on the structural properties of the extremal trees in Theorem 11.11 and character 
all extremal trees for p > 3 by a recursive construction. 
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The rest of this paper is organized as follows. In Section 2 we present some notations 
and known results. We show the structural properties of a tree T with r p (T) = p + 1 
for p > 3 in Sections 3, and then characterize such trees in Section 4. 



2 Known Results 

In this section, we will make the necessary preparations for proving the main results 
in Sections 3 and 4. Let G = (V, E) be a graph and p be a positive integer. 

Observation 2.1 Every p- dominating set contains all vertices of degree at most p— 1. 

For X C V, let X* = {x G V \ X : \N G (x) n X| < p}, and define 

V P (x,X,G) - | Q otherwise, x E V, (2.1) 

V P (S,X,G) = £jfr(x,X,G) for^CV^, (2.2) 
rj p (G) = mm{ Vp (V,X,G):\X\< lp (G)}. (2.3) 

A subset X C.V is called an rj p (G)-set if r) p (G) = r] p {V,X,G). 

Observation 2.2 If X is an r) p (G)-set, then \X\ — J P (G) — 1. 

Theorem 2.3 ([17]) For a ^rap/i G and p > I, r p (G) = rj p (G) if ~f p {G) > p + 1. 

Corollary 2.1 Q17J) Let G be a graph andp > 1. For any H C G with^ p (H) > p+1 
and lp (G)> lp (H) + lp (G-H), 

r P (G) < r p (H). 

Let X C\V and x G X. A vertex ?/ G V \ X is called a p-private neighbor of x with 
respect to X if G F and |A^(?/) fl X| = p. The p-private neighborhood of x with 
respect to X, denoted by PN p (x,X,G), is defined as the set of p-private neighbors of 
x with respect to X. Let 

H P (x,X,G) = \PN p (x,X,G)\ +max{0,p- \N G (x) nX|}, (2.4) 
/i p (X,G) = min{/i p (x,X,G) : x G X}, (2.5) 
f-i p (G) = min{/x p (X, G) : X is a 7 P (G)-set}. (2.6) 

Theorem 2.4 Q17J) For a graph G andp > 1 ; r p (G) < /J> P (G) with equality ifr p (G) = 
1. 
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3 Structural Theorems 



In this section, we investigate some structural properties of trees with r p (T) — p + 1. 
We need the following lemma which is given in [18]. 

Lemma 3.1 ([H]) Let p > 2 and T be a tree with a p-dominating set D. Then 
D is a unique / ~f p (T)-set if and only if D satisfies either \Nx{x) D D\ < p — 2 or 
\PN p (x, D,T)\ > 2 for each x G D with degree at least p. 

Theorem 3.1 Let p > 2 and T be a tree with r p (T) = p + 1. For a 7 p (T)-sei D, 

(i) PN p {x, D, T) j£ for each x G D; 
(ii) D is a unique 7 P (T)-set. 

Proof. Let x be a vertex in D. By the definitions of fi p in ( I2.4IW(12. 61) and Theorem 
12.41 we have 

\PN p (x,D,T)\ = p p (x,D,T) -max{0,p- \N T (x) D D\} 

> V P (D,T)-p 

> fi p {T)-p 

> r p (T)-p 
= 1. 

The first conclusion holds. 

We now prove the second conclusion. It is obvious that \D\ — J P (T) > p + 1 since 
r p (T) = p + 1 > 0. If every vertex in D has degree less than p, then D is a unique 
7 P (T)-set by Observation 12. 11 Assume that D has a vertex, say x, with degree at least 
p. By the definitions of p p in ( 12. 4IW(12. 61) and Theorem 12.41 we have 

r P (T) < n p {T) < p p (x,D,T) = \PN p (x, D,T)\ + max{0,p — \N T (x) fl D\}. (3.1) 

If \Nt(x) PI D\ > p — 1, then max{0,p — \Nt{x) fl i^|} < 1, and so we obtain from 
(13.11) that \PN p (x, D, T)\ > r p (T) — 1 = p > 2. This fact implies that D satisfies the 
conditions of Lemma [3.11 Thus D is a unique 7 P (T)-set. The theorem follows. I 

Through this paper, for any tree T with a unique 7 P (T)-set, we denote the unique 
7 P (T)-set by @t for short. 

Theorem 3.2 Let p > 2 and T be a tree with r p (T) — p+1. For edge xy 6 E(T) with 
x G S^t j let T y denote the component ofT — x containing y. Then 

(i) Ify G PN p (x, ^t,T), then either T y is a star with center y, orr p (T y ) = 1 

and 3>t H T y is an r] p (T y )-set. Moreover, r] p (T y , S,T y ) > p — 1 for S C T y with 
\S\ = \@ T nT y \ and ye S. 
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(ii) Ifyi PN p (x, 3> T , T), then r p {T y ) = p+l and 3> Ty = *n T y . 

Proof, (i) Since x G $ T and y G PN p (x, @> T , T), we have y £ and \N T (y)n@ T \ = P- 
It follows that 

\T y \>\((N T (y)n$> T )\{x})U{y}\=p. 

If \T y \ = p, then it is easy to see that T y = Ki jP -i with center y, and r) p (T y , S, T y ) = p— 1 
for any S C T y with \S\ = \@t H T y | and y E S. Assume that \T y \ > p + 1 in the 
following. 

Claim. lp {T y ) > p + 1. 

Proof of Claim [31 Suppose, to be contrary, that 7 P (T y ) = p, and let A, be a 7 P (T y )- 
set. Then there is a vertex, say z, of T y not in since \T y \ > p + 1. To p-dominate 
2, |iVr (^) H Dy| > p = \D y \ > 2. From the fact that two vertices in a tree have at 
most one common neighbor, we know that z is a unique vertex of T y not in D y . Thus 
T y = Ki p and z = y. Hence, by Observation I2.1[ we can obtain a contradiction as 
follows: 

p = \N T (y) n & T \ = \N T (y)\ = \{T y \ {y}) U {x}\ = 1 + p. 
The claim holds. □ 

Claim. rj p (T y , S, T y ) > j * _ 1 j| ^ ^ for any SCT 9 with |S| = n T„|. 

Proof of Claim [3j Let S be a subset of T y such that IS 1 ) = \0$t H T y |. We complete 
the proof of Lemma [3] by distinguishing the following three cases. 

If 5 = ^ r n T y , then it is obvious that r) p (T y , S, T y ) = 1 by y G PN p (x } ® T , T). 

If 3 ^ £> T nT y and y $ S, then let D' = (@ T \T y )US. Clearly, \D'\ = \@ T \ = 7 P (T) 
and Z?' 7^ f^r- Since is a unique 7 P (T)-set, D' is not a p-dominating set of T. Thus, 
by x G f^r and x G -D', we have 

Vp(T y , S, T y ) > Vp (T y , D', T) = r] p (V(T), D', T) > 1. 

If y G S, then, for any u G Nt(v), we use T u to denote the component of T — y 
containing u. Since y G S \ S't and |5| = \@t H Tj, we have 

£ |5nr u | = |5\M| = 

= 1^(1^1-1= ^ |^ T nr u |-i. 

Thus, there is some t> G Nx(y) \ {x} such that 15 D T„| < \@t H T m | — 1. Let 

D" = (*\T„)U(SnT„). 
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Then 

\D"\ < \@r\T v \ + \T v ns\ 

< \3r\T v \ + (\®rnT v \-l) 
= \®t\ - 1 
= 7 P (T)-1, 

and T] p (y,D",T) < 1 since \N T {y)nD"\ > \N T {y)n@ T -{v}\ > \N T (y)n@ T \-l = p-1. 
By Theorem 12.31 and the definitions of f] p in (12. ip ~ (12. 3p , we have 

p+l = r p (T)= Vp (T) < Vp (V(T),D",T) 

= Vp (T v ,D",T)+ Vp (y,D",T) 

< r) p (T v ,D",T) + l 

= r) p (T v , T v n S, T y ) + 1. 

Thus, r) p (T v , S nT v ,T y ) > p, and so 

Vp(T y ,S,T y ) > rj p (T v ,S,Ty) 

= r}p(T v ,SnT v ,T y )-l 

> p-1. 

The proof of Claim [3] is complete. □ 

Claim [3] implies that the second conclusion in (i) holds. We now show that 
r p (T y ) = 1 and 3>t H T y is an r] p (T y )-set. By p > 2, it is easily seen from Claim [3] 
that ri P (Ty,S,T y ) > 1 for 5 C T y with |S| = \@ T n r y |. So 7 P (T y ) > n T y | + 1, 
further, we have 7 P (T y ) = \&t H T y | + 1 since (^r H T y ) U {y} is a p-dominating set 
of T y . By Claim [3] and its proof, rj p (T y ) = r] p (T y , *3) p n T y , T y ) = 1 and PI is an 
r/p(T !/ )-set. Hence r p (T y ) = r) p (T y ) = 1 by Theorem 12.31 and Claim [31 

The proof of (i) is complete. 

(ii) By the hypothesis of y ^ PN p (x, @t, T), ^t\T v and S>t^T v are p-dominating 
sets of T — T y and T y , respectively. Thus, we have 

\@T \ T y \ > 7p (T - Ty) and \9 T n TJ > lp (T y ). (3.2) 

Note that the union of a 7 P (T — T y )-set and a 7 p (T y )-set is a p-dominating set of T. 
Thus, we have 

lp {T-T y )+ lp {Ty)= lp {T). (3.3) 
It follows from flOP and $3) that 

7p (T - + 7p (T y ) =7 P (T) = \3r\ = \®r \ T v \ + \®r n TJ 

> 7 P (T-r w ) +7p(^y), 

which yields that D T y | = j p (T y ), that is, D T y is a 7 p (T y )-set. 

To the end, by (ii) of Theorem 13.11 it is sufficient to prove r p (T y ) — p+ 1. 
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Arbitrary take u G @t H T y . Since r p (T) = p + 1, we have PN p (u, @t,T) 7^ by 
(i) of Theorem EU Let z G PX p ( w, S>t,T). Clearly, z £ T y and z ^ y since u £ T y 
and y £ PN p (x,@ Tl T). So 

|iV Tw (z) n (^r n = |JV T («) n = p. 

It follows that 

lp {T v ) = \s> T nT y \> \N Ty (z) n (^r n t„)| = p. 

Furthermore, we can show that J p (T y ) > p + 1. To be contrary, assume that 
7 P (T y ) = p. Then flT^I = p and z is a unique vertex of T y not in 5V PlT^ since two 
vertices in a tree have at most one common neighbor. It follows that T y = Ki p with 
center z and 3>t HT y = T y \ {z}, and so y G and y is a leaf of T y . This implies that 
Nx(y) = {x, z) and by ([23]) , 

li p {y,@ T ,T) = \PN p {y,g> T ,T)\+max{0,p-\N T {y)n@ T \} 
= 1 + (p — 1) — p. 

By Theorem 12.41 and the definitions of fi p in ( 12.4ft ~ ( 12. 6p , we have 

r- p (T) </i P (T) <fi p (y,@r,T) = p, 

which contradicts to the hypothesis of r p {T) — p + 1. Thus j p (T y ) > p + 1. 
Let X be an ^(T^-set and F = IU \ T^). Then |X| = 7p(T y ) — 1 and 

1*1 = (7,(r v ) - 1) + (7 P (T) - lp {T y )) = lp {T) - 1. 
By Theorem 12.31 we have 

r p( T y) = Vp(T y ,X,T y ) 

> r ]p (T y} Y,T) = Vp (V(T) } Y,T) 

> r ]p (T) = r p (T)=p+l. 

Combining this with Theorem ll.il we have r p (T y ) = p + 1, and so (ii) is true. 

The theorem follows. I 



Lemma 3.2 Assume that p > 3 and T be a tree with r p (T) — p + 1. Let x G S^t and 
X C F(T-x) itfitfi |X| < 7p (T). If n P {x,9 T ,T) >p + 2 and rj p (V(T),X,T) = p + l, 
then \X PI T y | = PI T y | /or a// y G Nt(x), where T y is the component of T — x 
containing y. 

Proof. Let N T (x) = {xi, . . . ,Xd}, where d = degx(x), and let Tj be the component 
of T — x containing x$. Combining x G S>t \ X with \X\ < 7 P (T), we have 

d d 

\x n i)| = |x| < lp {G) -\ = \® T \ {x}\ = \®r n r,|. 
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We only need to show that \X D 7}| = \0$t H 7)| for any j G {1, . . . , d}. Suppose, to 
the contrary, that there exists some i G {1, . . . , d} such that 

\Xr\Ti\ < \@ T <lTi\. 

Our aim is to deduce a contradiction. 

We first give the following two claims. Claim [3] can be easily obtained from Theorem 
ET21 . 

Claim. For any j G {1, . . . , d}, 



■Jrp 



r 7p (T,)-l if xj G PN p (x,@ T ,T); 
jl \ 7p (^-) if x^PN p (x^ T ,T). 



Claim. For any j G {1, . . . , d}, 

lXnTjl -\l P (Tj) if J^i- 

Proof of Claim Efl Let D = (X n T t ) U \ Clearly, 

|D| = IXnTil + ISrXTil < l^rnTil + l^rX^I = |0 T | = 7p (T). 

Thus r? p (V(T), £>, T) > ^(T) by From x G ^ T \ T; C D, we know that D is a p- 

dominating set of T — Tj, and so r) p (Ti, D, T) = rj p (V(T), D, T). Note that J P (T) > p+1 
by r p (T) = p+1. Together with the hypothesis of Lemma [3^21 (j2.ip ~ (j2.3p and Theorem 
12.31 we have 

p+l = Vp (V(T),X,T) 

> r) p (V(T),X, T)-J2 V P (T„X, T) - r, p {x, X, T) 

= Vpi^X^) (3.4) 

> r ]p (T i ,D,T)=r ]p {V(T),D,T) 

> np (T)=r p (T) 
= 

which implies that all the equalities in (13.41) hold. In particular, 

r) p (x, X, T) = r) p {Tj, X, T) = 0, for j ^ i, 

which means that 

\N T {x)nX\ > p and (3.5) 
\N Tj (u)nX\>p, for j ^ i and u G T 5 \ X. (3.6) 

It follows from (I3.6P and x ^ X that X DTj (for j ^ i) is a p-dominating set of Tj, and 

so 

\XnTj\ > 7 p {Tj) for jVi 
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Also since all the equalities in (I3.4p hold, we have rj p (V(T),D,T) = r p (T), which 
means that D is an rj p (T)-set. By Observation I2.2[ 

\D\= lp (T)-l = \@ T \-l. (3.7) 

Since x G and Xj G N T (x), (@t H 7*) U {xj} is a p-dominating set of 7$, and so 

n Ti| > 7 P (2i)-l. (3.8) 

It follows from the definition of 19, (13.71) and (13. 8ft that 

|XnT,| = iDl-l^rXTil 

= (|^r|-l)-|^r\Ti| 

> 7p(^)-2. 

Claim 0j holds. □ 

Together with Claims [3] and El we have that 

7p (T) > \x\ + i = J2\xnT j \ + \xnT i \ + i 

> Y,l P {T j ) + {l P {T i )-2) + l 

d 

i=i 

E ^')+ E 7p(3»-1 (3.9) 

Xj&PN p {x,9 T ,T) Xj<£PN p (x,2) T ,T) 

E (l^nr,| + i)+ E (l^n^-D-i 

XjePN p {x,® T ,T) XjiPN p {x,@ T ,T) 
d 

= |PiV p (x,^ r ,T)| + El^nT,|-l 

i=l 

= \PN p (x,@ T ,T)\ + (\@ T \-l)-l (since x G 3>t) 
= \PN p (x,@ T ,T)\+ lp (T)-2, 

which yields 

\PN p (x,$ T ,T)\<2. (3.10) 
It follows from our hypothesis of fj, p (x, @t, T) > p + 2 and (13. 10ft that 

p + 2 < f j v {x,®r,T) 

= \PN p (x, 3> T ,T) | +max{0,p- \N T (x) n 3> T \} 

< 2 + max{0,p- \N T {x) n @ T \} 

< P + 2, 
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which implies that 



\N T (x) n ®r\ = and (3.11) 
\PN p (x,®r,T)\ = 2. (3.12) 



It follows from (13.1 2D that all equalities in (13.91) hold, and so, by Claim [31 

\xnT 3 \ = \^\- 2 *i = V (3.13) 

We claim that Xj e PN p (x, 2$t, T). Assume, to be contrary, that x PN p (x, @t, T), 
thenr p (T,) = p+lby (ii) of Theorem l3.2[ Since r? p (Tj, XnT i} T) = ■q p (T i ,X,T) — p+1 
by x ^ X and (13.41) . XflTj is an ^(T^-set, and so |XDTj| = r y p (T i ) — 1 by Observation 
12.21 which contradicts with (13.131) . The claim holds, and so if Xj £ PN p (x, T) then 
3 ^ i- 

For j 7^ i, it can be easily seen from (I3.13P that X fl Tj is a 7 p (T.,)-set since 
X fl Tj is a p-dominating set of Tj by (13.61) and x £ X. On the other hand, for any 
Xj £ PN p (x, @t,T), *3)t H is a unique 7 p (Tj-)-set by (ii) of Theorem 13.21 Hence 

XDTj = @ T n Tj, for Xj i PN p (x, @ T , T). (3.14) 

Together with lETTTjl . (l3~T2l and (1513)1 . we have |JV T (a:)nX| < |PiV p (x, T)| = 2, 
which contradicts to (13.51) since p > 3. The lemma follows. I 

Remark 1 The conclusion of Lemma 1 3. 2 may not be valid for p = 2. An counterex- 
ample is showed in Figure Q 




Figure 1: A trees T with 72 (T) = 17 and r 2 (T) = 3. The vertex x satisfies h 2 (x,@t,T) = 4 
and the set X of black vertices in T has |X| = 16 < 72 (T) and J7a(V(T), X, T) = 3. However, 
|XHTi| = 7^8 = |^ T nTi| and \X nT 2 =9^8= | ^ T H T 2 1 , where Ti and T 2 are two components 
of T — x containing x\ and x%, respectively. 



Theorem 3.3 Letp > 3, T be a tree withr p (T) = p+1 andx G *3>t- If Hp{%, 3>Ti T) > 
p + 2, thenn p (V(T),X,T) > p + 2 for any X C V(T — x) with \X\ < 7p (T). 
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Proof. Suppose, to the contrary, that r] p {V(T), X, T) < p + 1 for some subset X C 
V(T - x) with \X\ < 7 P (T). Since r) p (V(T),X, T) > r p (T) = p + 1 by Theorem E3J 
we have 

7 Zp (y(r) s x,r)=p + i. (3.i5) 

Let T y denote the component of T — x containing y for any y G Nt{x). We partition 
Nt(x) into six subsets iVj (1 < i < 6) such that Nt{x) = U;=i where 

iVi = PiV p (x, T) n X, N 2 = PN p (x, 3> T , T) - X, 

n 3 = (N T (x) ni)n &r, n 4 = (N T (x) -x)n @ T , 

N 5 = {N T {x) nX)-N!- N a , N 6 = (N T (x) -X)-N 2 - JV 4 . 
Clearly, 

\N 1 \ + \N 2 \ = \PN p (x,® r ,T)\ (3.16) 
and, by x X and the definition of r] p in (12. ip . 

Vp (x,X,T) = max{0,p- - |jV 3 | - |iV 5 |}. (3.17) 

For any y G JVi U N 2 U iV 5 , we can obtain |X n T v \ = \2>t D T y | from (l3~T5l) and 
Lemma E21 If y G iV x U jV 2 , then y G PN p (x, ®r,T) and, by (i) of Theorem E21 we 
have 

Vp (T y ,X,T) = r ]p (T y ,XnT y ,T y )>{ P 1 - 1 * ^ (3.18) 

If y G JV 5 , then y <£ Pi\T p (a;, T) and y G X\^ T , which implies that XnTj, ^ ^ r nT y . 
By \X fl T y | = H T y \ and Theorem 13.21 (ii), X C\T y is not a p-dominating set of T y , 
and so 

r h (T v ,X,T)=r h (T v1 Xr\T v ,T v ) > 1. (3.19) 
Therefore, we can derive from (I3.16p ^( ]3.19p that 
r] p {V{T),X,T) = Vp (x,X,T)+ ^ V P (T y ,X,T) 

y&N T (x) 

> max{0,p- 1^1-1^31-1^1}+ Yl V P (T y ,X,T) 

j/eJViuAr 2 uiVs 

> max{0,p - |JV 3 |} - \N X \ - \N 5 \ + (p - 1)|AM + |JV 2 | + |iV 5 | 
= \PN p {x, @ T , T)\ + max{0,p - |JV 3 |} + (p - 3)1^1 

> |PiV p (x,^r,T)| + max{0,p- |JV r (x) n T |} + 
= ^^r.T) 

> P + 2, 

which contradicts with (13.151) . I 
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4 A constructive Characterization 

In this section, we will give a constructive characterization of trees with r p (T) — p + 1 
for p > 3. To the end, assume that p > 3. 

Let t > 2 be an integer. The unique stem of a star K l t is called the center of K\ t . 
A spider St is a tree obtained by attaching one leaf at each endvertex of K\, t - Two 
important trees F p -i and F t)P -\ in our construction are shown in Figure El where F p -\ 
(resp. F tjP _i) is obtained by attaching p — 1 leaves at every endvertex of a path P 3 
(resp. a spider St). 




Figure 2: Trees F p _i and i*t, p -i, where t > p and each Xi has p — 1 leaves. 

In Figure El we call x the center of -F p _i and F ttP -\. Clearly, the set of black vertices 
in F p _i (resp. F tjP -i) is a unique 7 P (F p _i)-set (resp. 7 P (F t)P _i)-set). By Theorem 12.31 
the following lemma is straightforward by computing r\ p . 

Lemma 4.1 J/p > 3, then r p (F p _i) = p + 1 and r p (i 7 t, P -i) = p + 1 /or any t > p. 

Let G and if be two graphs. For x G V(Cr) and y G V(fT), the notation G \±) xy H 
is a graph consisting of G and H with an extra edge xy. Let T = Ki p be a star and 
A(T ) = L(Ki >p ). We define a family ^ of trees as follows: 

S~ p = {T : T is obtained from a sequence T , T 1; . . . , T k (k > 1) of trees, where 

T = Tk and Ti+i (0 < i < k — 1) is obtained from Tj 
by one of the operations listed below}. 

Four operations on a tree Tf. 

G\. T i+ i = Ki p _i {H xy Ti, where x is the center of K x%p -\ and y G A{T^). 
Let A(T l+ [) = L(V ljP _i) U A(T 4 ). 

T i+ i = Ki )P t+Jjcy Tj, where 2 is the center of ffi )P and ?/ ^ A(Ti). 
Let A(T i + 1 ) = L(K 1>p )UA(T i ). 
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: T i+ \ = \S xy Ti, where x is the center of F p _i and y G A(TA satisfying 
\PN p (y, A(Ti), Ti)\ > min{p + l, |A Ti (</) n A{T,)\ + 2}. 
Let = U A(Ti). 

^i+i = -^t,p-i where £ > p, x is the center of F t>p -\ and y G Tj. 

Let A(T i + 1 ) = ^ Ft , p _ 1 UA(T i ). 

Lemma 4.2 Let p > 3 be an integer. IfT G ,5^, t/ien A(T) is a unique r y p (T)-set and 
r p (T) = p + 1. 

Proof. Since T G there is an integer k > 1 such that T = T k obtained from a 
sequence T , T 1; . . . , T fc _!, T fc of trees, where T = i^i jP and T i+1 (0 < i < k — 1) can be 
obtained from T, by some &j (j G {1,2,3,4}). We complete the proof of Lemma l4~2l 
by induction on k. 

For k = 1, it is trivial that -A(Ti) is a unique 7 P (T 1 )-set and r p (T\) = r) p (T\) — p + 1 
by straightly computing rj p (Ti). This establishes the induction base. 

Let k > 2. Assume that A(Tj) is a unique 7 P (Tj)-set and r p (Ti) = p + 1 for 
1 < i < k — 1. Basing on this assumption, we will prove that A(T k ) is a unique 
7 p (T fc )-set and r p (T k ) = p + 1. 

Since Tjt is obtained from Tfc_i by for some j, we denote Gj = T k — V^(Tfc_i) and 
so Tfc = \ii xy Tfc_!, where x is the center of Gj and y satisfies the condition of Gj. 

We first show that A{T k ) is a unique 7 p (T fc )-set. Applying the induction on T k _x, 
A{T k _i) is a unique 7 p (T fc _ 1 )-set. For v G v4(T fc _!) with degree at least p, it follows from 
Lemma O that either jA^iO) n A(T fc _i)| < p - 2 or | PiV p (u, A(T fc _i), 7*_i)| > 2. 
Hence, we can easily derive from the definition of A(T k ) that A(T k ) is a p-dominating 
set of T k , moreover, satisfies the conditions of Lemma [3.11 By Lemma [3.1[ A(T k ) is a 
unique 7 P (Tfc)-set 

Next we only need to prove that r p (T k ) > p + 1 by Theorem 11.11 Assume, to be 
contrary, that r p {T k ) < p. We will deduce a contradiction. Let A be an r] p (T k )-set 
such that | A D V{T k _i)\ is as large as possible. Then \X fl V(T k _i)\ < 7 p (T fc _ 1 ) by the 
choice of X and, by Theorem 12. 3[ 

rj p (V(T k ),X,T k ) = r p (T k ) < p. (4.1) 

In addition, we also have the following three facts. 

Fact 1 At most one leaf ofT k is not in X . 

Otherwise, r] p (V(T k ), X, T k ) > 2(p — 1) > p by (12.1 ft and p > 3, which contradicts 
with fHTT]) . 

Fact 2 | A n V{T k ^)\ = lp {T k ^) - 1 or 7p (T,_ 1 ). 
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Suppose, to be contrary, that |X fl V(Tfc_i)| < ■y p (T k ^i) — 2. Since each rj p (T k -i)- 
set has cardinality 7 P (T fe _ 1 ) — 1 by Observation 12. 2\ r) p (V(Tk-i), X fl V(T k _i),T k ^i) > 
rj p (Tk-i) + 1. Note the assumption that r p (T k -i) — p + 1. By (12. II) ^( 1231) and Theorem 
12.31 we have 

^(\/(T fc ),X,T fe ) > ?7 P (V (Xfc_i), X, T fc ) 

> 7 7l ,(y(r fc _ 1 ),A:ny(T fc _ 1 ) > r fc _ 1 )-i 

> (r] p (T k _i) + 1) — 1 
= r p (T fe _i) 

= p+1. 

This contradicts with ( 14. ip . Hence |X D V(Tfc_i)| = 7 P (T fc _ 1 ) — 1 or 7 p (Tjfe_i). 

Fact 3 If\XnV(T k ^)\ = 7p (T fe _ 1 )-l ; t/ien {ac, y} Hi = {x} and ?7 P (K(G,), X, T fc ) = 
0. 

Suppose, to be contrary, that {x, y} fl X ^ {x} or ^(V^G.,), X, T k ) > 0. From 
(I2.1IWI2.3I) and Theorem 12. 3[ we will deduce a contradiction with (14. ip . If {x, j/}HX ^ 
{x}, then 

^(y(T fc ),X,T fe ) > 77 P (V(Tfc_i), X, T fe ) 

> r) p (T k ^i) = r p (T k -x) =p + l, 
a contradiction with ( 14. ip . If 77 P (V(Gj), X, T^) > 0, then 

77 P (V(T fe ),X,T fc ) = ^(GjO^^^+^VCTfc.!),^,^) 

> 7y p (V(Tfc_i), X, T fc ) 

> r p (T fc _i) - 1 
= P, 

which is also a contradiction with (14. ip . Hence Fact [3] holds. 

Based on the above facts, we complete the proof of Lemma 14.21 by distinguishing 
the following two cases. 

Case 1. j — 1 or 2. 

Then Gj = with center x, where £ = p — 1 if j = 1, otherwise £ = p. Note that 
X is an i] p (T k )-set. By Observation I2.2[ we have 

\X\ = lp (T k ) - 1 = \A(T k )\ - 1 = \A(T k ^)\ +£-1= 7p (T fc _!) + £ - 1. (4.2) 

By Fact [21 we only need to consider the following two subcases. 
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If |Xny(T fc _i)| = 7 P (T fc _i), then \XnV(Gj)\ = £-1 by that is, exactly two 
vertices are not in X. Since Gj = is a star with center x, it follows from Fact [I] 
that x $l X and there is a unique leaf x' of Gj not in X. Thus 

p = r] p (x',X,T k ) 

= Vp (V(T k ),X, T k ) - rj p (V(T k ^),X, T k ) - rj p (x, X, T k ) 
< p - 7) p (V(T k -i),X,Tk) - r) p (x,X,T k ), 

which implies that T] p (V(T k ^i), X, T k ) = T] p (x, X, T k ) = 0. Together with x' ^ X, 
x X and r] p (x, X, T k ) = 0, we have 

\N Tk (x)\{x'}\>\N Tk (x)nX\>p, 

and so i = p (this means that j = 2 and T k is obtained from T k -\ by G%) and y G X. 
ByyeX, 

Vp (V(T k ^),XnV(T k ^),T k ^ l )=r 1p (V(T k ^),X,T k )=0, 

which implies that X R V(T k -i) is a p-dominating set of T k -\. Further, X fl V(T k -i) = 
A(T k -i) since |X fl V{Tk-i)\ = 7 P (Xfc_i) and A(T k -i) is a unique 7 P (Tfc_i)-set. By the 
condition of (Jn we have y ^ A(Tfe_i) = X fl V(Tfc_i), a contradiction with y e X. 

If |X n V(T fc _i)| = 7 P (T fc _!) - 1, then \X n = £ by g^D and x G X by 

Fact El Since Gj = is a star with center x, there is a leaf of Gj not in X. Hence 
rj p (V(Gj), X,T k ) > p — 1 > 0, which contradicts with the result r) p (V(Gj), X, T k ) = 
in Fact El 

Case 2. j = 3 or 4. 

Then G = F p _i or G ttP -i (t > p) with center x. Since X is an r] p (T k )-set, it is easily 
seen from Observation 12.21 that 

\X\ = 7p (T k )-l = |A(r Jfc )|-l = Tp (G J + Kr fe _i)|-l = 7p(G J + 7p(^-i)-l- ( 4 -3) 
Subcase 2.1. |X n V(T fc _!)| = j p (T k ^). 

It is clear that |X fl V r (Gj)| = j p (Gj) — 1 by (|4.3|) . Since r p (Gj) = p+ 1 by Lemma 
14.11 we can deduce {x, y} flX = {?/} and r) p (V(T k -x), X, T k ) = by the similar proof 
of Fact El 

If j = 3, then Gj = F p _i with center x and /x p (x, , Gj) = p+2 by (|2.4|) . Applying 
Theorem E31 we obtain that 7j,(V(Gj),* n V r (G j ),G i ) > p + 2 from |X n V(Gf,-)| < 
7p(Gj) and x X. By (14. ip . we get a contradiction that 

P > r ?p (\/(T fc ),X,T fe ) = r ?p (K(G J ),X,T fc ) 

> r ?p (F(G J ),Xny(G J ),G J )-l 

> p + 1. 

If j = 4, then Gj = i^p-i (£ > p) with center x and, by Figure [H every vertex 
of — { x } has degree 1 in Gj — x. Thus there is at most one vertex in *3) G . but 
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not in X (otherwise, we have r) p (V(T k ), X, T k ) = r) p (V(Gj), X,T k ) > 2(p — 1) > p by 
x ^ X and p > 3, which contradicts with (14. ip ). Combining this with \X fl V(Gj)\ = 
7 P (G j ) - 1 = \@ Gj \ - 1, we have X n V(Gj) C Let - X = {u} and u be the 
unique neighbor of u in Gj — x. Then 

r)p(V(T k ),X, T k ) > T) p (u, X, T k ) + T] p (v, X, T k ) 

= r) p (u, X n V"(G 3 -), Gj) + J7 P (v, X n V(G j ) ) Gj) 
> P+l- 

This contradicts with (14. ip . 

Subcase 2.2. \X n V(T fc _i)| = 7p (^-i) - 1- 

By Fact EJ {i,|/}nl = {x} and T] p (V(Gj), X, T k ) =0. So X n F(Gj) is a p- 
dominating set of Gj, moreover, has cardinality / ~f p (Gj) by (14. 3p . This means that 
X PI V(Gj) is a 7 P (Gj)-set. So X fl V(G 3 -) = f^c^ since QIq. is a unique 7 p (Gj)-set. By 
x G X and Figure |2l we have Gj = F p _x, that is, T fc is obtained from T k ^i by <^ 3 . Thus 
y G A(Tfc_i) by the condition of ^3. 

We first show that there is a neighbor z of y in A(T k _i) but not in X. For this aim, 
we consider that |X Tft l (y) n A(T k -i)\ and |X Tfc l (?/) n X|. 

Applying the inductive assumption on T k -i, A(T k ^i) is a unique 7p (Tfc_i)-set and 
r p (T fc _i) = p+l. It follows from (J23])~(EH]) and Theorem Elthat ^(y, A(T fc _i), T fe _i) > 
/ip(Tfc_i) > r p (Tfc_i) = p + 1. Further, we can claim that 

l x p (y,A(T k . 1 ),T k ^ 1 )=p + l. (4.4) 

Assume, to the contrary, that fJ, p (y, A(T k -i), Tk-i) > p + 2. On the one hand, by 
r p (T fc _i) = p + 1 and Theorem [3731 we have r/ p (V r (T fe _i), X n V(Tk-i),Tk-i) > p + 2, 
and so 

^(T^), x, T k ) > Vp (v (T fc _o, x n v(r fc _!), r fe _ x ) - 1 > P + 1. 

On the other hand, by (14. ip and T) p (V(Gj),X,T k ) = 0, we have 

rj p (V(T k ^), X, T fc ) = r/ p (y(T fc ), X, T fe ) - r/ p (\/(G,), X, T k ) < p, 

a contradiction. Thus (I4.4p holds. 

For convenience, let A y = N^^y) n A(T fc _i). Together with (S3]), ([2~i]) and the 
condition of ^3, we have 

p+l = /ip(y,A(7fc_i),T fc _i) 

= \PN p {y,A{T k ^),T k ^)\+max{0,p- \Ay\} 

> f (p+l) + if >p; 

" \ (\A y \+2) + (p-\A y \) if L4J <p 

f p+l if \Ay\ > p; 
\ p + 2 if \Ay\ <p, 
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which implies that 

\N Tk _ 1 (y)nA(T k - 1 )\ = \A y \>p and \PN p (y, A{T k ^) : T k ^)\ = p + 1. (4.5) 

Since \XC\V{T k ^)\ = 7 P (T fc _i) - 1 and r p (T k ^) = p + 1, it follows from 
and Theorem O that r) p (V (T k _i) , X D V(Tfc_i), Tfc_i) > ^(^fc-i) = ^(^fc-i) = P + 1- 
By (14. ip . we have 

\N Th _ x {y)f\X\ <p. (4.6) 

(14. 5p and (14.61) implies that there is a neighbor z of y in A(Tjfc_i) but not in X. 
Let T 2 be the component of T k _i — y containing z. By z G A(Tfc_i), we have z ^ 
PN p (y, A(T fc _i), r fc _i). By (ii) of Theorem E2J r p (T 2 ) = p + 1 and A(T fc _i) fl V(T Z ) is 
a unique 7 P (T 2 )-set. 

If \X n K(T 2 )| > 7 P (T 2 ), then let X' = (X - V{T Z )) U {A{T k _ x ) n F(T 2 )). Clearly, 
< Together with y (£ X, z e A{T k _{) - X and (jMD, we have 

Vp (V(T k ),X',T k ) = n P (V(T k ) - {y} - V(T z ),X',T k ) + Vp (y,X',T k ) + Vp (V(T z ),X',T k ) 

= Vp (V(T k ) - {y} - V(T Z ),X, T k ) + (r, p (y, X, T k ) - 1) + 

= r) p (V(T k )-V(T z ),X,T k )-l 

< Vp (V(T k ),X,T k )-l 

which contradicts that X is an r) p (Tk-i)-set. 

If \X fl V{T Z )\ < 7 P (T 2 ), then, by y X and r p {T z ) — p + 1, we have 

r/ p (\/(T fc ),X,T fc ) > 77p(V(T z ), X, T fc ) 

= rj p (V(T z ),XnV(T z ),T z ) 
> V P ( T z) = r p (T z ) = p + 1, 

which contradicts with ( 14. ip . 

This completes the proof of Lemma 14.21 I 

Let p > 1 be an integer. For a tree T with a unique 7 p (T)-set @t, we use ^ P (T) 
to denote the number of all p-private neighbors with respect to 3>t in T. Since every 
p-private neighbor with respect to @t has exactly p neighbors in we have 

£ P (T) = - V |PiV p (x,^ r ,T)|. (4.7) 

Lemma 4.3 Let p > 3 be an integer and T be a tree. If r p (T) = p + 1, then T G 3F V . 

Proof. By Theorem 13.11 T has a unique 7 P (T)-set @t an d each vertex in @j> has at 
least one p-private neighbor with respect to By \3>t\ = lp(T) > P an d (14.7[) . we 
have 

W = ; E l^ p (x,^ T ,T)| >^£i = Vr|>i, 
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that is, £ P (T) > 2 since £ P (T) is an integer. We will show T G SF p by induction on 
i p (T). 

If t p {T) = 2, then let x and y be two p-private neighbors with respect to 3>t- Since 
every vertex in 3>t has at least one p-privated neighbor with respect to f^y, we have 

^ T = (N T (x) n U (iV T (y) n ^r). 

From the fact that x and y have at most one common neighbor in T, we know that 



2p- 1 if |JV r (x) n iVr(y)| = 1; 
2p if \N T (x) nN T (y)\ = 0. 



1 P {T) - 

Combining with r p (T) = p + 1, we can check easily that 

T 



F p _ x if 7p (T) = 2p-l; 
5 PiP if 7 P (T) = 2p, 

where Sp )P is obtained by attaching p—1 leaves at every endvertex of a path P^. Clearly, 
T can be obtained from star T = K\ )V by G\ if T = F p _i, otherwise by So T G 
This establishes the base case. 

Let E P (T) > 3. Assume that, for any tree V with r p (T') = p + 1, if £ p (T') < £ p (T) 
then f e^. 

For a leaf r of T, we root T at r. Let ti = max{<ir(r, x) : x G V(T)}. Thus we can 
partite V(T) into {Vo, V±, . . . , V^}, where 

Vi = {x G V(T) : max{ti T (x, u) : i> G D[x]} — i}, for z = 0, 1, . . . , d. 

By the definitions of V { , V = L(T) - {r} and V d = {r}. Clearly, V C ^ T by 
Observation 12. II and ti > 3 (otherwise, T is a star, a contradiction with ^ P (T) > 3). 

We now turn to consider V\. For any x G V\, we know from the definition of Vl 
that s is a stem of T and C(x) C Vo. By r p (T) = p + 1, x is a p-private neighbor with 
respect to @t, and so deg^x) — p or p + 1. 

Claim. If there exists a vertex x G Vi with deg^ix) — p + 1, then T G e5p. 

Proof of Claim H Let T x . = T[L>[x]] and T' — T — D[x\. By tte# T (x) = p + 1, 
T x = K\ tP with center x, and so T = Ki >p tfcl X2/ T', where y is the father of x in T. 

Since |C(x)| = degx(x) — 1 = p and x is a p-private neighbor with respect to 
we have y &t and C{x) (resp. fl V(T')) is a p-dominating set of T x (resp. T'). 
So 

7p (T) = |$r| = |C(x)| + n V(T0| > 7 P (T,) + 7p (T'). (4.8) 

Further, we have J P (T) = J P (T X ) + J P (T') since the union between a ■y p (T x )-set and a 
7 P (T')-set is a p-dominating set of T. Hence, fPr H V(T') is a 7 P (T')-set. 

Since x ^ and 7/ ^ we have 7 P (T') > p, further, J P (T') > p+1 by ^ P (T) > 3. 
Together with Theorem II. 1\ (14. 8 p and Corollary I2.1| we have 

P + 1 > r p (T') > rJT) = p + 1, 
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which implies that r p (T') — p + 1. By Theorem 13.11 V(T') D 3>t is a unique 7 P (T')-set. 
Noting that x is a p-private neighbor with respect to we have £ P {T') = £ P (T) — 1. 
Applying the induction on T', V G & v and = $ T n V(T') = A(T') by Lemma H~2 
Since T = K ltP \£ xy T and )/0 r n V(T") = A(T'), T is obtained from T by 2 , and 
so T 6 □ 

In the following, by Claim HJ we only need to consider the case that 

deg T {y) = p, for each v G V\. (4.9) 

Then the father of each vertex in V\ belongs to and so V 2 C @ T . 

Let x G V3 and P = xwvu be a path in T[D[a;]] such that degT{w) is as large as 
possible. Obviously, u G V , v G Vi and w £ V 2 . By (I2.4IWI2.6I) and Theorem \2A\ 

li p (w,®r,T)>vi p (T)>r p (T)=p + l. 
Case 1. // p (w, 3r, T) > p + 2. 

Let T" = T-Dfu]. Since u G V[ and \D(v)\ = deg T (v)-l = p-l, T[D[v}\ = K liP ^ 
with center v, and so T = i^i, p -i ttl™ T". 

We first show that r p (T') = p+1. Due to w G V2 C @ T nV(T') is a p-dominating 
set of T', and so 

7p (T) = \@ T \ = \3> T n V(T')| + (p - 1) > 7 P CO + p - 1. (4.10) 

Let X' be an ^(T')-set and X = X'UD(v). Then, by fl4TT0|) . 

\X\ = \X'\ + \D(v)\ = ( 7p (T') - 1) + (p- 1) < 7p (T). 

If w G X', then r p (T') = Vp (V) = rj p (V(T'),X',T') = Vp (V(T),X,T) > r p (T) = 
p + 1 by (jOl^pfgj) and Theorem If w £ X', then r/ p (V(T), X, T) > p + 2 

by fx p (w,@ T ,T) > p + 2 and Theorem E3J and so r p (T') = r) p (V(T'),X',T') = 
r] p (V(T),X, T) — 1 > p + 1. We know r p (T') = p + 1 from Theorem 11.11 

By Theorem 13. 1[ r p (T") = p + 1 implies that T" has a unique 7 P (T')-set ^t'- We 
claim that 9 T , = @ T n V(T'). To be contrary, then n V(r')| > 7p (T') + 1 since 
S>t H V(T') is a p-dominating set of T', and so, by f)4.10p . 

\@ T , uD[v]\ =%(T')+p< \@ T nV(T')\-l+p= \@r\. (4.11) 

Since @t'UD[v] is a p-dominating set of T, (14. lip implies that UD[v] is a 7p (T)-set 
different to S^, a contradiction. The claim holds. 

It is easily seen that £ P (T') = £ P (T)-1 from 9 T > = @ T nV(T') and v G PN p {w, @ T , T). 
Applying the induction on T', V G % and V{T')C\9> T = 9>t> = A(T') by Lemma WM 
Due to w G ^ T n V(T') = A(T'), T can be obtained from V by ^1, and so T G 5p. 

Case 2. /i p (w, T) = p + 1. 
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Since r p (T) — p + 1 and w G &r, w is not a stem of T, and so C(w) C V\. Note 
that N T (w) = C{w) U {x} and /i p (w,^r,T) = p + 1. We can conclude from (12. 4 j) 
that either |C(tu)| = 2 and x G ^ T or |C(u>)| = 1 and a; ^ T U PN p (w, 3r,T) . We 
distinguish the following two subcases. 

Subcase 2.1. |C(w)| = 2 and x G 

Let V = T - D[w). Since C(w) C VI and \C(w) = 2|, T[D[w]] = F p _i with center 
w, and so T = F p _i \t) wx T' . 

Due to x G ^t, ^ PN p (w, @t,T), and so, by (ii) of Theorem 13.21 we have 
r p (T) = p + 1 and = ^ T n V{T). So £ P (T') = £ p (T) - \C(w)\ < £ P (T). Applying 
the induction on T, V G % and, by Lemma A(T r ) = @ T , = @ T n V(T'). 

Since x G S>t and r p (T) = p + 1, by (l2.4IWI2.6p and Theorem 12.41 we have 

\PN p (x,@ T ,T)\ + max{0,p- |iV T (x) n^ r |} = ij p (x,@ t ,T) 

> fJ> P (T) > r p (T) = p+l, 

which implies |.PiVp(x, T)| > min{p+ 1, \N T (x) n + 1}- From iw G N T (x) n ^ T 
and A(T') = ^ T n V(T'), we know that 

\PN p (x,A(T'),T')\ = \PN p (x,@ T ,T)\ and \N T >(x) n A(T')| = |iV T (x) n #r| - 1. 

Hence |PiV p (x, A(T'), T')| > min{p+ 1, |iV T ,(x) H A(T')| + 2}. Thus T can be obtained 
from T" by ^3 and so T G 3F p . 

Subcase 2.2. \C(w)\ = landx^ r U PN p (w, 3r,T). 

Let V = T - D[x]. By x G V3, C(x) C Vq U VI U V 2 . Note that the unique 
neighbor of each vertex in Vq is a p-private neighbor with respect to S^t (this means 
that H Vi = 0) and, to p-dominate VI, all neighbors of each vertex in V\ must 
belong to S) T by fT4H . So we can derive from x ^ U PN p (w, 3>t^ T) that C(x) C V2 
and |C(x)| > p. By the choice of P = xwvu and |C(w)| = 1, all vertices in C(x) 
have degree 2 in T. Hence T[P[x]] = Ft,p-i with center x, where i = |C(x)| > p. By 
degT^x) > p > 1 = degT^r), we know that i/r and so x G D{r). Let y be the father 
of x, then T = P t)P _! tbl^ V . 

Since x ^ 2$tUPN p (w, S>t, T), ^ r n7(Vi) (resp. ^nK(T')) is a p- dominating 
set of Ft, P -i (resp. T'). So, 

lp (T) = \®r\ = \9t n V{Ft, v -x)\ + \@t n V(T')| > 7p (P ilP -i) + 7pCO- 

Further, 7 P (T) = 7 P (P t)P _i) + J P (T') since the union between a 7 P (P tiP _i)-set and a 
7 P (T')-set is a p-dominating set of T. Hence H V(Ff iP _i) (resp. @t H V(T')) is a 
7 P (F tj p_i)-set (resp. 7 P (T')-set). 

If 7 P (T') < p, then we can check easily that T' is a star i^i iP from x ^ U 
PN p (w, !$t, T) and r p (T) = p + 1. So T can be obtained from K\ tP by ^4 and T G J^,. 

If Jp(T') > p + 1, then, by Corollary EH p + 1 = r p (T) < r p (T'). It follows that 
r p (T') = p + 1 by Theorem EU and so = $ T n V(T') by Theorem O Note 
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that £ P (T') = t p {T) - £ p (F tjP „i) < £ P (T). Applying the induction on T", T G ■% and 
A(T') = 3>t' = @t H V(T') by Lemma 14.21 and Theorem 13. II Hence T can be obtained 
from T by ^ 4 and Te^. I 

Lemmas 14.21 and 14.31 imply that Theorem 14.11 is true. 
Theorem 4.1 For an integer p > 3 and a tree T , r p {T) = p + 1 if and only ifT& ST p . 
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